Inverse Trigonometric Functions

1. If the direction cosines of a line are 3k, V3K, V3K, then the value of k is :
(2024)

(A) £1

(B) +V3

(C) +3

(D) +3

Ans. (D) +

2. Case Study Based Question: (2024)

If a function f: X — Y defined as f(x) =y is one-one and onto, then we can define a
unique function g : Y — X such that g(y) = x, wherex€ Xandy = f(x),y € Y.
Function g is called the inverse of function f.

The domain of sine function is R and function sine : R — R is neither one-one nor
onto. The following graph shows the sine function.

y = sin X

Let sine function be defined from set A to [- 1, 1] such that inverse of sine
function exists, i.e., sin-1 x is defined from [- 1, 1] to A.

On the basis of the above information, answer the following questions :

(i) If A is the interval other than principal value branch, give an example of one
such interval.

(ii) If sin-1 (x) is defined from [- 1, 1] to its principal value branch, find the value
of sin-1 (-1/2) - sin-1 (1).

(iii) (@) Draw the graph of sin-1 x from [- 1, 1] to its principal value branch.

(b) Find the domain and range of f(x) = 2 sin-1 (1 - x).
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Ans.

6)) E 3?”] or any other interval corresponding to the domain [-1,1]
o uiaeti i _
(ii) sin~?! (7) — sin1(1)

-
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N

NN

—_—T
/

|
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M) f(x) =2sin"1(1—x)
-1<1-x <1

> -2< —x<0
>0<x<2

Domain = [0, 2]

—T Y, | L
> < sin 1-x)< :

m<2sin"!(1-x)< n

Sorange =| —m,m]|
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function y =sec tx is

(2020) |

c=x

2.2 Basic Cnncepts 7.  The principal value of cus_iti] is . e,
MCQ i (2020) (U]
E 3 -1 1 R | 1
1. sin [%+5in‘l[%]] is equal to 10. Write the value of cos {-E ]+25ln [E}
1 " " (Foreign 2014) (Ap)
(a) 1 (b) = (c) 3 (d) 2 .
2 (2023) 11. Write the principal value of tan'i[sir{-i]]_
2 16 = lcosxl, then F( 22 ) s (A1 20140)
4 -1 1 : 12, Find the value of the following :
a) 1 b) -1 — dl — i =
) e o V2 L N cnt[E-Ecnt_lx-'E] (Al 2014C)
(2023) | 2
3. Two statements are given, one labelled Assertion (A) BEEYH (2 marks)
and the other labelled Reason (R). Select the corvect | 15 \yipe the domain and range (prindiple value branch)
answer from the codes (a), (b), (¢} and (d) as given : of the following functions:
below. flx) =tanix. {2023)
Assertion (A) : All trigonometric functions have their : ol il ok y -
inverses over their respective domains. L VanmaLe: oo [ms[-T]] ( )
Reason (R) : The inverse of tan~x exists for some xeR. : o o A 1
{a) Both Assertion (A) and Reason (R) are true | 15. Simplify sec” ['""'5"'"" }ﬂ‘:ﬂ {:E'- (2021C)
and Reason (R) is the correct explanation of ! 2x"=1
Assertion (A). ... that: X (1) 2 . 4 2.2
(b) Both Assertion {A) and Reason (R) are true and : 1o Frovethat: —c—-sin™| 2 [=—sin™| ——
Reason (R) is not the correct explanation of : 20200 (Bv ]
Assertion [A). (2020) (Ev)
(c) Assertion [A)is true but Reason (R) is false. P ¢ [1ox?)= -, 1
{d) Assertion (A} is false but Reason (R) is true, | 17- Provethat: sin (2x1-x)=2c057x, st
5 (2023} : (2020) (Ap)
4.  Thewvalue of 5in“[cus-—§E] is (4 marks)
@ -3 b = @ =X @ = © 18. Solve for x: sinH{1=x)=2sin~tx=1 (2020C)
5 10 5 10 2
(Term I, 2021-22) ”‘] 19. Provethat: 2tantlytan? %:tan_:l % (2020C) |_ﬁ,Hi
5. The principal value of cot™1{-3) is i 4o
{20, P that: tan™! J/x ==cos™! ;} 0.1
@ X & F (@ X (g Sx |20 ProvethatitanTxegcos 777 pxelOd]
& & 3 & (2020, 2019C)
(2020) | 21. Prove that :
6. tan 13+ tant A = tan (ﬁ] s valid for what | o 1(12), 93] (56 (Al 2019) (B0
wvaluesof 4.7 = H 13 5 &5 s
11 1
(a) ;I..E[-E-.E] (b} —:'L-‘-‘E 22, Prove that: sin_lgftm_1%+m5_lg=§ {2019)
(c) ,'.1,_..‘;1 {d) Al real values of & 1
3 (2020) : 23. If tan""x—mt‘ix=tan_l[—|l|§) x > 0, find the value
P 3. : B
7. Th I value of t “[t —] .
i i a7 b of x and hence find the value of 5&:‘1[%} (2019) (&)
@ 2 o= g =ZE o B 14 2
T 5 3 5 : 24. Find the value of sin{cos_ §+tan'1§} {2019)
(2020) (U] | 25. Prove that:
(1 mark) afVilex+l=x ) w1 4 1
e : tan | ——— |—=—ro05s x=-—=x=1
8. The range of the principal value branch of the : Jl+x=afl=x ) 4 2 N2

(2019C) (Ag)]
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)\ CBSE Sample Questions /%

2.2 Basic Concepts
MCQ

followed by a statement of reason (R). Choose the
correct answer out of the following choices.

Assertion (A) : The domain of the function sec™! 2x is :

(b2}

Reason (R) : sec‘i[-z:]:_%

(a} Both A and R are true and R is the correct 5. Iftan-tx=y,then

explanation of A.

{b) Both A and R are true but R is not the correct

explanation of A.
{c) Adstrue but Ris false,

(d) Ais false but R is true.
2. sinl Xosint-1)|i
5m[3 sin [ 2]] is equal to
@1 ®ml @ (d) 1
2 3

sin (tan~1x), where |x| < 1, is equal to

(@) — B

1-x2 12

Detailed

(5]

1 (a): Wehave,
ME ._1[1] 'n[“ ._1-_[.1[]] .[1': I'I:]
sin| —=+sin™}| = ||=sin| =+sin~| sin= ||=sin| =+ =
[3 2 3 5 38
=5in[3]=1
2

2. (d): fix) = |cosx|

At ¢
E-:x-:m cosx<0

f[3—“]=-c

= EDS

- eosx| = ~cosx = flx) = ~cosx

)

«.I'i

trigonometric functions have inverse over their restricted
domains.
Inverse of tan—x is tanx which is defined for

IER—[EH-I—:[]-;E,HEZ

o Assertion is false and reason is true.
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1. In the given question, a statement of assertion (A) is
4. Simplest form of

(2022-23)

Y 2 marks)

) 13
. i 6. Findthe value of sin
(Term 1, 2021-22) :r_ﬂp‘,l ind the value of sin [5|n[ 3 ]]

2 ] Express tan™!

[+ cos(r-8)=-cosd] : 3
i 5. [d): We know that cot™ (x)e(0, x}

3. (d]}: All trigonometric functions are periodic and ot ﬁ}—mt‘l[-mtm]
hence not invertible over their respective domains but all : - &

orfofe]
ool

Thus, the principal value of cot M=+3) is ST:

c=x

1 {d) L% -
a."l-l-a:z ‘,‘1+12

{Term |, 2021-22)

(c)

tan J1+cﬂsx+J1-cusx I{I{S_:r i
J1+cosx -, /1-cosx
n X 3 «x x x
E.X oy ==X i Ay X
(a) T (b) = {c) 3 d) n %

(Term I, 2021-22) (G1)

=T n
fa) -1<y<1 (k) -2—5-;-_:5
(c) ;—n{r{g (d) FE{-I—H%]

(Term |, 2021-22)

(2022-23)
cosx |=3n

—_— N -2- in the simplest

1=-sinx | 2
form. (2020-21) I_E_i

SOLUTIONS

4. (b): We have, sin™! [1:&51—3-E ]=5in‘1[cus(2n+3?n]:|

] o)

e

= cosf2n+ 0} = cosf, cos [%-}E}-ﬂsinﬁ

[+ cot{n—8)==cot8)

[+ cot™[coto]=6]
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6. (c) : Given, tan !3+tan™? ?L=tan'1[ ad )

1-34
3+A

tan~ 3 +tan™th =tan‘1[

5 =y
Concept Applied -‘Ijtg}

X+
= tan 1x+tan™? ¥ =tan™! [ ol 8

1—xy

].ifx]r-ci

7. b} : We have, tan_:l[tans—ﬂ]

We know that the range of tan~1xis | —.— ]

(102 o1t - 2 ]]

wclofg]

crlolZ)]2

8. Therange of the principal value branch of the function

¥=sec lxkis [0, ::]-E}_

9. Let y=cns_i{-—;] = cnsy:T =3 casy:-cus[%]

Since, the range of cos 1 x5 [0, 7]

= m51.r=-ccns(n-§] ['- coslm-8)=-cost]
X 2K
= yY=R—-—=—
3 3
o e, 1 a .EI'[
Hence, the principal value of cos -3 i TR

10. Given ms_l[-% ]+ 2sin~t [%]

2n Yy 2n 14
=cost [ms—]+ Zsin'l{sin— ]n—+ 2x—=R
3 la) 3 &

[ Rangeof cos 1xis[0,n] & of sin *xis[-n/2n/2]]

Commonly Made Mistake {4k

-

= Remember the domain and range of inverse
trigonometric functions.
11. Here, tan™* sin[-E] = tanY(=1)=—1
2 4

This is the required principal value as it is lie in {-%g ]

Key Points *'.;,*

-
-

Therangeof y= tan~1xis (E!-

12. cnt[%-!cut‘l -.E]
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]ﬁ: k<1 - 33.:;1:;1.:-

tanim - ) = tanf]

tan~* (tanf) = 6] :

- —cot| E-2cotcot® I, X
-l:t:lt[2 Zcot [Eﬂtﬁ)}:[ﬂt[z 26]

i 13. Domain of tan 1 = (-ee, =) and range of tan-1x is

[-rrn

14, cus‘llcus[- ?Tn ]}: cos? [cus[??n ]] (** cos{—8)=cos0)

o) e ()

=% (- cos~ cosx)=xVO0<x<m)

. Letx=cosh

sec‘i{ |~5E1:'1[—-i—]
2 = 2
2x°=1 2oos5”8=1

i =sec!(sec20) =20

=15

(o)
cos28

i Hence, sec'l[ ]:2:::-5'1 X

=1
Concept Applied @

= cos20=2cos%0 -1, sech=

cosf
Em. Consider LH.S. -%-— _1{ ]__[_-5::1‘1[%)]
=§m5‘1[%] (i)

1
: Let a= _1(—]
; Bl ga=COos 3

]: sinlx+cos ix= 5]
2

: b cusa:%:&sina= -..'rl_mszﬂ [ sin20+cos20=1]
H =

i = sing= |'1_[£]2- 1_1_ l§_2~;2=} T _1{2J_]
i Y \3 “u? 3

)
=RL.H.5.

© 17. Consider LH.S. =sin"*(2xy/1-x2)
i Putx=cos, we get

: So, LH.&:%sin‘i(

: =sin! {chsﬂw.'llsinzﬁ} [ sinzﬁ+cﬂszﬂ-=1]
: =sin~1({2cos0 sind) = sin~1 (sin26)
i=20

¢ Since, x = cosf

i= O=coslx

i 26 =2cos 'x=RHS.

[ sin~*{sinB) = 6]

{ 18. Given, sin™(1-x)-2sin”* x=
i Putx=siny
=

sin~ 1 (1=siny )=2sin"(siny) =-;-

sin Y{1-siny}=2y= [sin~1(sin8) = 0]

=
: 2

c=x
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sin‘ill- siny)= g+ 2y = 1=siny= 5ir{§+2}r ]

[sin(n/2 + ) = cosd]
[ cos28=1-2sin70]

1=siny =cos2y
1-siny=1-2sinly
2sin?y -siny=0
Feplace siny = x

—=  2x%-x=0= x[h-1}=0=:-x=ﬂ.%

Lo U U

19. Consider, LHS. = 2tan™ =4 tan %
2:«1l 1
—tan_ll [12)2+tan_1-?— =ia _1§+tan'1~};
41 3
-1 -1 4\377 121
=tan  —+tan =tan j_i =tan E
21 21
[ tan~ x+tan 1r=tan'1[ i ]]
l-xy
Skt
Hence proved.
oncept Appiied (@]
= 2tan l@=tan} [i
-
= 1 -X
20. Consider, RHS. = -r_ns
1ex
Put x = tan®0 o I{':I
1 1-tan’®
RH.S5.==cos _1[ }—cus‘lfcusiﬂ}_-{lﬂj_
2 1+tan’

From equation (i), we get

tanfi= w.-"; = b= tan_iw"; =L.H.5

LHS5 =RHS
Hence proved.

21. Let x=cm‘1[1—2~]and y:sin‘l[g]
13 5

or l|:|:15.1¢—E and siny =
13 =g

MNow, sinx=v1-cos % and cosy =+ 1-sin"y

—
= sinx= I1—E and cosy =

ly ¥
V169 T

= S-il'1:[=15—3 and :{:sy=%

We know that,

12 3 -1 [ 56 )
ar. —
cos {13 sin” ( ]:5“1 i
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i=s tan! —“"-—

P Bx%-3x+x=43=0 = Balx=J3)+1x=y
= {«a‘ﬁx+1}[x-~.'§}=ﬂ = J3x+1=0 or x=+3=0

Let cos™

Concept Applied (@]

= sin{x+ y} = sinx cosy + cosx siny

4
: * - =1 =2 ~3 0
E22. Consider LH.5. = sin 5+1:aﬂ 12+cus o
=tan‘1%+tan'115—2+ms'1§ . R
4.5
3 12 -163 3
=tan 1 4,(5 +00s n
312

[ tan lx+tan ! :.r=t.an_1[

-

E:tan[ ]+tan_1|:16] 14 -

63
63, 16 &
| 16 63 | mpan-lla) =%
| =tan —1 63 16 tan1 (=) - RHS.
i 16 63
Hence proved.

23. Given, tan-'x-cot'x= tan_l{:%]

:} tan1x - ta.n'l{ ]~ 'l[ ]
:' 3

[ tan_i[l)z l:ul:_lx.x:- D]
X

Js]

ta.n_il
1+Jt-—
x

[ tan_lx—tan_lrﬂan 1[ :”
1+xy

12—1 1 2 = ]
> =—§r::-d§x =3=2x = 3% -2x-3=0
W

3)=0

1 =1 —
H = =3
i — X E or X=-

Since, x =0

H -1 . . 2 2 T
! Sp, x= is rejected. - sec'l[—)zser_‘i[—]=—-
B X Be

24. We have, sin[ms'ig-rtan_i%J

14E=A:;EDSA=%

: We know that sinA=+v1-cos2A

H - =
i o i]l_ 2. 4
Sl | [5 "u'li 255
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P2 |d): We have,
Let tan‘1§=5=> t;m.B=§ i

R SR e
We know that, 1 + tan?0 = sec? 5'"[5' =i [E ]]
= secB= \'1+tan E= ‘JI — £ =5in[§+sin'l[% )] sln[ ] sm( }=1 (1)
= cosB= :,1— [ sech= 1 — 3. [d): We have,sin(tan-1x)
cos i
i Lettan~'x=6 =x=tan6= 5inﬂ=—;_
= SIHB—N'i—EOS B'ﬂl -—— r vrZ+l
14 -1 o sinftan™ ) =sinB= (1)
Mow, SII'I[CU-E E+tan 3 }:mn{A-!-B} w241
= sind cosEB + cosA sinB 4. (a): We have,
[- sinlx+y) = sinx cosy + cosx siny] : - Ji+cosx + fi-cosx | I
3 3 & 3 9 8 17 Sl W TN Halonnry
=— — =— = L =4 1l=CO5X |
5 V13 5 V13 513 503 513
Jexs fA=x \EEGS%*I"\IESM%
25. Consider LH.S. =tan | =tan!
\Ten—ix ool
Putx.; msﬁlweget l'\l EﬂSE-'\l 5|HE
""" | — { ~ .
LHS5 =ta _1[u"‘_l.+1:usﬂ+ . msﬂ] -u'ricﬂsii-u'rZsini 3
V1+cos-1-cos8 i =tan ! 2 [-.' E-:i-c:—-ﬂ-]
i i 2-2 4
\IEEDEE + u'EEiI'l--E- = 'rECﬂ'S——"\-'IESII'IE j
=t3n_I 2 2 rl
|~.Ecus§ -‘\-'Esin-ﬁ 05~ —sine 1-tan~
L 2 2 Cootan—2 2 Lot 2
b e [aabat]
I x.?cus2+x25m — cos3 +sinz =tan‘1[tan[£—£]] =E'§ (1)
—\.'Ems-g— EsinE —cusg-sing .
5 ; ] i 5. lc): Rangeof tan™ x-[T E)
u::-::usE-sinE ﬂ{yif (1)
FmSE-SiﬂE- msg 1 t;mE : ;
stan | —2 2| _pan Y 2 |otan ! ——2 . Given, sin'i[sin{$ ]] =sin~! [sin[En-; ” (1)
cusi-i-sini ::usﬂﬁinﬂ 1+tang— ;
- - posd =sin sin[-E] i (1)
L 2 7 7
B 1 : 7. Wehave,
=tan! tar{E-EJ LTl [ tan~ttant)=6] = o
i T | e i Sm[_x]
Since, x = cost = = cos~1x tan_1[£]=tan_i S I (1/2)
= 1-sinx 1-::05[3--3:]
LHS= 2 m‘g £ _X_RHs. g 2
= G ism{ Bk ]cus{i— =
CBSE Sample Questions — 4 2 4 o
i 2sin? E_i]
1 (o) : sec-ixis definedif X< -1 0F X2 1 ik {4 2
Hence, sec! 2x will be defined if x 5-% orxz é az tan'i[mt[i-% ]]_ tani-l [tm{g-[i-% ]H (1)
The range of the function sec~x is [0, n]-'E} (1)
; : 2 | et LA | ML (1/2)
Hence, A is true and R is false. Rl L el | i
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